Finite energy QCD sum rules involving both inverse and positive moment integration kernels are employed to determine the bottom quark mass. The result obtained in the MS scheme at a reference scale of 10 GeV is m b (10 GeV) = 3623(9) MeV. This value translates into a scale invariant mass m b (m b ) = 4171(9) MeV. This result has the lowest total uncertainty of any method, and is less sensitive to a number of systematic uncertainties that affect other QCD sum rule determinations.
I. INTRODUCTION
With the availability of new cross section data on e + e − annihilation into hadrons from the BABAR collaboration [1] , the bottom quark mass was determined recently with unprecedented precision using inverse moment QCD sum rules [2] . The result in the MS scheme at a reference scale of 10 GeV is m b (10 GeV) = 3610(16) MeV .
However, as was subsequently pointed out [3] , this result relies on the assumption that PQCD is already valid at the end point of the BABAR data, i.e. √ s = 11.21 GeV, where s is the squared energy. This assumption might be questionable, as the prediction of PQCD for the R-ratio does not agree with the experimentally measured value at this point. This QCD sum rule result was also shown to depend significantly on this assumption. Hence, further reductions in the error of the bottom-quark mass using QCD sum rules will depend on the ability to control this systematic uncertainty. One way of achieving this would be for a new experiment to extend the BABAR measurement into a region where PQCD is unquestionably valid. In this paper we follow another approach based entirely on theory. We use a finite energy QCD sum rule with integration kernels involving both inverse and positive powers of the energy, as employed recently to determine the charm-quark mass [4] . We also exploit the freedom offered by Cauchy's theorem to reduce the dependence of the quark mass on the above systematic uncertainty. This is achieved by using integration kernels that reduce the contributions in the region √ s ≃ 11.21 GeV to √ s 0 , where there is no data and the onset of PQCD at s = s 0 has to be assumed. As a benefit, this procedure reduces also the continuum contribution relative to the well known Υ narrow resonances.
II. THEORETICAL BACKGROUND
We consider the vector current correlator
where
, and b(x) is the bottom-quark field. Cauchy's residue theorem in the complex s-plane
where p(s) is an arbitrary Laurent polynomial, and
with R b (s) the standard R-ratio for bottom production. The power series expansion of Π(s) for large and spacelike s can be calculated in PQCD, and has the form
where e b = 2/3 is the bottom-quark electric charge, and
Here are known [7] , and the logarithmic terms in Π (3) 2 may be found in [8] . The constant term in Π
is not known exactly, but has been estimated using Padé approximants [9] , and the MellinBarnes transform [10] . At order O[α 1 were determined in [11] - [12] , whilst the constant terms are not yet known. Given that these constant terms will contribute to sum rules with kernels containing powers s −1 and s 0 , respectively, for consistency we shall not include any five-loop order expressions. However, we find that if all known five-loop order terms are taken into account, the mass of the bottomquark only changes by roughly 0.03 %, which is about a tenth of the accuracy of this determination. The Taylor series expansion of Π(s) about s = 0 is usually cast in the form
where z ≡ s/(4m 2 b ). The coefficientsC n can be expanded in powers of α s (µ) as
, the coefficients up to n = 30 ofC n are known [13] - [14] . There is also a subleading contribution of order O(α
in Eq. (8), as well as QED corrections. The former contributes around −1.0 MeV, and the latter roughly −2.0 MeV to the result for m b (10 GeV). Finally, there is a non-perturbative contribution to Π(s) from the gluon condensate, but it has been found to be completely negligible [16] . We fully agree, and thus confirm this result. For the strong running coupling we use the Particle Data Group [17] value α s (m Z ) = 0.1184 (7) , which corresponds to α s (10 GeV) = 0.1792(16). 
III. EXPERIMENTAL INPUT
In order to evaluate the left-hand side of Eq.(3) one needs to use experimental input. First, there are the four narrow Υ-resonances, and we calculate their contribution to Eq.(3) using the zero-width approximation
where i = 1, · · · , 4, corresponding to Υ(1S), Υ(2S), Υ(3S), and Υ(4S). We use the masses and widths from the Particle Data Group [17] . (12) GeV. Finally, we use the effective electromagnetic couplings from [16] . The BABAR Collaboration [1] has performed direct measurements of R b in the continuum threshold region between 10.62 GeV and 11.21 GeV. There is also data on the full ratio R in the bottom-quark region by the CLEO Collaboration [18] dating back to 1985. Subsequently, a later CLEO measurement in 1998 [19] , at a single energy, s ≃ 10.53 GeV 2 , gives a total R-ratio roughly 30% lower than the 1985 data in this region. Since this discrepancy remains unresolved we shall use here only the BABAR data. As was pointed out in [2] , these BABAR data cannot be used directly in sum-rules, such as e.g. Eq.(3), for the following reasons. First, the initial-state radiation and the radiative tail of the Υ 4S resonance must be removed. Second, the vacuum polarization contribution must be taken into account. We follow this procedure, as detailed in [2] , to correct the BABAR data with results shown in Fig. 1 . The high-energy expansion of Π(s), given in Eq. (5), is only formally guaranteed to converge above √ s = 4 m b (µ) ≈ 15 GeV, due to non-planar diagrams having cuts starting there. Above this value the high energy expansion is an almost perfect approximation to the full analytic PQCD result [20] . Therefore, we shall always choose . We consider this as data input, even though it stems from theory. The Rhad [20] prediction of R b (s) is shown in Fig. 1 . The first uncertainties affecting the bottom-quark mass are due to the uncertainty in the strong coupling α s (∆α s ), the uncertainty in the experimental data (∆EXP), and our limited knowledge of PQCD (∆µ). The latter was estimated by varying the renormalization scale µ = 10 GeV by ± 5 GeV, running the mass calculated at this scale back to µ = 10 GeV and then taking the maximum difference. The second set are systematic uncertainties stemming from the fact that the PQCD prediction for R b (s) does not agree with the experimentally determined values at the end point of the data ( √ s = 11.21 GeV), as can be seen from Fig. 1 . Two possibilities for this discrepancy were considered in [3] . Option A: The BABAR data are correct, but PQCD only starts at higher energies, say at √ s = 13 GeV. Use then a linear interpolation between R EXP b (11.21 GeV) = 0.32 and R PQCD b (13 GeV) = 0.377, rather than the prediction from Rhad. Option B: The PQCD prediction from Rhad is correct, but the BABAR data are incorrect, perhaps affected by an unreported systematic error. In this case multiply all the data by a factor of 1.21 to make the data consistent with PQCD. In addition to these two options, we wish to consider a third possibility. Option C: The BABAR data are correct, and PQCD starts at √ s = 11.21 GeV. However, the PQCD prediction of Rhad is incorrect. The motivation for this option is that the exact analytical form of R at √ s = 11.21 GeV using the high energy expansion is also closer to experiment than the prediction obtained using Rhad.
IV. CHOICE OF INTEGRATION KERNELS
To minimize the dependence of results for the bottomquark mass on Option A and Option C, the contribution from the region √ s ≡ √ s * ≡ 11.21 GeV to √ s 0 should be quenched. This can be achieved by borrowing from the method of [21] , where a Legendre polynomial was used to minimize the contribution of the then poorly known continuum threshold region. We choose here a Legendre-type Laurent polynomial, i.e. we consider linear combinations of powers of s chosen from the set S = {s −3 , s −2 , s −1 , 1, s}. Inverse powers higher than s −3 lead to a deterioration of the convergence of PQCD, introducing large uncertainties from changes in the renormalization scale µ and the strong coupling α s (see also [24] ). We only use positive powers up to s 1 , as higher powers emphasize unknown O(α 3 s ) terms in the high energy expansion. The optimal order of the Legendre-type Laurent polynomial was found to be 3 or 4. First, let us consider the order 3 case and let
subject to the global constraint
where n ∈ {0, 1}, i, j, k ∈ {−3, −2, −1, 0, 1}, and i, j, k are all different. The above constraint determines the constants B and C. The constant A is an arbitrary overall normalization which cancels out in the sum rule Eq.(3). The reason for the presence of the integrand s −n above is that the behavior of R b (s) in the region to be quenched resembles a monotonically decreasing logarithmic function. Hence, an inverse power of s optimizes the [3] are given here for comparison. The errors are from experiment (∆EXP.), the strong coupling (∆αs) and variation of the renormalization scale by ± 5 GeV around µ = 10 GeV (∆µ). These sources were added in quadrature to give the total uncertainty (∆TOTAL). The option uncertainties ∆A, ∆B and ∆C are the differences between m b (10 GeV) obtained with and without Option A, B, or C. As in [2] - [3] these are not added to the total uncertainty, and are listed only for comparison purposes.
quenching. As an example, taking s 0 = (16 GeV)
2 (and A = 1) we find
with s in units of GeV 2 . There are ten different kernels P
, and the spread of values obtained for m b using this set of different kernels will be used as a consistency check on the method. Outside the interval s ∈ [s * , s 0 ], tent with a previous QCD sum rule precision determination [2] - [3] giving m b (10 GeV) = 3610(16) MeV. Apart from our novel QCD sum rule approach, the inputs in the latter are almost identical to ours, with the exception of their use of kernels of the form p(s) = s −n , n ∈ {2, 3, 4, 5}, and the use of a value of the strong coupling with a larger uncertainty. Their final result was obtained using p(s) = s −3 , which can be seen from Table I as being far more sensitive to possible systematic uncertainties arising from Options A, B, C. They also determined m b using p(s) = s −4 , for which they obtained m b (10 GeV) = 3619 (18) MeV. This value is closer to our result, which may not be surprising given that it is less sensitive to Options A, B, C than p(s) = s −3 , although not as insensitive as using our kernels.
In conclusion, we have discussed here a finite energy QCD sum rule method with integration kernels involving inverse and positive powers of the squared energy. The result for the bottom-quark mass has a lower total uncertainty, and is far less sensitive than the popular inverse moment method to the three systematic uncertainties identified earlier, i.e. Options A, B, C. It should be appreciated from Table I that the results Eqs. (13)- (14) are independent of the PQCD prediction from Rhad in the region between √ s ≃ 11.21 GeV and √ s = 4m b (µ).
VI. APPENDIX
Up to an overall constant, the integration kernels P n (s, s 0 ) can be obtained from Eq. (11) . For completeness we list below the explicit expressions for all the polynomials used in Table I 
